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An introduction to Casimir pairings and some arithmetic
applications.
Carlos Rivera-Guaca Guillermo Mantilla-Soler
Abstract
Inspired by the Casimir invariant of a semisimple Lie algebra we introduce the
notion of Casimir pairing; the classical Casimir invariant is just a value taken by
the pairing in a very specific case. The pairing defined here not only refines the
invariant of Lie algebras but it also has strong arithmetic applications: We show
that degree n totally real Sn number fields are eventually completely determined
by the isomorphism class of the integral trace form.
1 Introduction
One of the main problems in algebraic number theory is to give a satisfactory way of
deciding whether or not two number fields are isomorphic. Inspired by the style of
question of Cornelissen and Marcolli in [13], this query can be formulated as follows:
Question 1.1. Can one describe an isomorphism between number fields K, L from an
associated mathematical/arithmetical object? In other words, can we find a complete
invariant for number fields?
Several natural objects have been at the center of study of this question by several
authors; e.g., the Dedekind zeta function, the ring of Adeles, the group of Dirichlet
Characters, the absolute Galois group (see [14, 23, 25, 35, 37, 46, 47]). From all these
the only one that is a complete invariant, thanks to a famous result of Neukirch and
Uchida, see [35, 46, 47], is the absolute Galois group.
All the above invariants have in common that they refine the discriminant; i.e., hav-
ing the same invariant for K and L implies that the two fields have the same discrimi-
nant. Thanks to Hermite and Minkowski it is known that, up to conjugation, there are
only finitely many number fields of a given discriminant. This result has led to the study
of number fields via their discriminants, and specifically to the industry of results about
the asymptotics of the number of fields up to a given discriminant bound, sometimes
with specific signature types or Galois groups. Some of the examples of such investi-
gations can be found in works of Bhargava, Cohen, Davenport-Heilbron, Datskovsky-
Wright, Ellenberg-Venkatesh, Klu¨ners, Malle, P. Harron, R. Harron, Taniguchi-Thorne,
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Shnidman, and many others (See [5, 6, 7, 9, 10, 15, 16, 17, 19, 20, 24, 39, 38, 43, 44]).
Since the discriminant of a number field K of degree n is basically the signed co-volume
of the lattice OK inside of R
n it is only natural to study the isometry class of such
lattices as a way to refine the discriminant. In other words the isometry class of the
integral bilinear pairing
trK/Q : OK ×OK → Z
(x, y) 7→ TrK/Q(xy).
is the first natural object that comes to mind when dealing with the problem of divid-
ing the classification of number fields of the same discriminant in a smaller subclass.
This invariant, and the closely related shape, are used for instance by Ellenberg and
Venkatesh in their paper about asymptotics of number fields of bounded discriminant;
see [20, Remark 3.2].
Trace forms over fields, and their applications, have been extensively studied by
many authors; see for instance the works of Eva Bayer-Fluckiger, J.P. Serre and their
co-authors [2, 3, 4, 42] and the work of Robert Perlis and his co-authors [36]. However,
most of the literature around the classification results about the integral trace over
number fields is scarce. These kinds of classification questions have been studied by the
second named author from four different, basically disjoint, perspectives:
(i) The first one uses the techniques developed by M. Bhargava in his thesis, specifi-
cally the higher composition laws in cubes and their relation to cubic fields. See
[27].
(ii) A local-global point of view. Using the Adelization of the orthogonal group one
can show that genus and the spinor genus of the integral trace form coincide.
Together with the classification genus of the integral trace this method permits
one to deal with the problem in the case of non-real fields that have no wild
ramification. See [31] and [33].
(iii) Using that rational quadratic forms can be seen as cohomology classes in H1(Q,On)
and that Artin representations can be seen as elements of H1(Q,GLn(C)) one can
study the relation between Dedekind zeta functions of number fields and their
integral traces. See [32].
(iv) Imposing the Galois theoretic conditions, mainly prime power Galois cyclic ex-
tensions, a classification of the integral trace and shape can also be obtained for
such fields. See [34] and the upcoming work [12].
In this paper we introduce the theory of Casimir pairings and with it we introduce a
fifth approach to the integral trace problem. In principle the theory of Casimir pairings
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seems completely unrelated to number theory, in fact the inspiration for its creation is
the so called Casimir element of a semisimple Lie algebra (see example 2.5). The new
method, combined with several of the points of view described above, yield the main
number theoretic applications of this paper:
Theorem (cf.Theorem 5.2). Let K be a degree n totally real Sn number field with
discriminant dK . Let ds, df be co-prime positive integers such that dK = dsdf and that
df is squarefree. Suppose that
n ≥ d2s.
If L is a Sn number field then
(OK , trK/Q) ∼= (OL, trL/Q) if and only if K ∼= L.
Furthermore, if either K does not have wild ramification, or dK is fundamental, then
the condition n ≥ d2s can be improved to
n ≥ rad(ds)2
to obtain the same conclusion.
If we fix a discriminant d, or moreover the set of primes for which d has valuation
bigger than 1, the above theorem says that for n big enough all Sn real number fields
are determined by their integral trace form. Since a random number field, thanks to
Hilbert’s irreducibility theorem, is a Sn number field the above theorem could be inter-
preted as to say that eventually all real number fields are completely characterized by
the trace form. In particular, the integral trace form gives a mathematical object that,
at least asymptotically, satisfies the requirement imposed in Question 1.1.
The following theorem gives a nice application of the above result; it says that the
integral trace is a complete invariant for real fields of fundamental discriminant.
Theorem (cf.Theorem 5.3). Let K,L be number fields. Suppose that K is totally real
of degree n and with fundamental discriminant. Then,
(OK , trK/Q) ∼= (OL, trL/Q)
if and only if K ∼= L.
In a further work to appear elsewhere the first named author uses the above theorem
to prove a conjecture made in 2012 (see [28, Conjecture 2.10]) by the second named
author.
As a byproduct of the methods used in the proofs of the above results we can show
that for square free discriminant number fields, non quadratic, the integral trace has
trivial automorphism group.
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Theorem (cf.Theorem 5.4). Let K be a totally real number field with square free dis-
criminant. Then,
Aut
Ä
(OK , trK/Q)
ä ∼= {Z/2Z × Z/2Z if [K : Q] = 2,
Z/2Z otherwise.
Since random lattices have trivial automorphism group, see for instance [11] and
[1], this result is not completely unexpected. A derived question that comes to mind
is whether or not maximal orders of real number fields are random within the space of
positive definite lattices.
1.1 Outline of the paper
In §2 we introduce the theory of Casimir Pairings and show many of its properties
which we will need later on. In §3 we study linearly disjoint number fields, the relation
of Casimir Pairings with them and we give a general criterion to decide whether or not
two number fields are conjugate. In §4 we do a local-global study of Casimir elements
associated to trace pairings over number fields; this section is the connection between
the general theory of Casimir pairings and number fields. Finally in §5 we provide the
proofs to the number theoretic applications from all the results of the previous sections.
2 Casimir Pairings
Let V be a finite dimensional vector space over a field F and let V ∗ := HomF (V, F )
be its dual. Let Γ : V → V ∗ be an isomorphism, for instance the one induced by a
nondegenerate bilinear form B : V × V → F . Now let R be an F -algebra and let
φ,ψ ∈ HomF (V,R). The map
V ∗ × V → R, (f, v) 7→ (ψ ◦ Γ−1)(f) · φ(v)
is bilinear and F -balanced (as R is an F -algebra), hence it lifts to a morphism V ∗⊗FV →
R. Identifying V ∗ ⊗F V with EndF (V ) we obtain a linear map
ρΓ,ψ,φ : EndF (V )→ R.
Definition 2.1. Let ψ, φ ∈ HomF (V,R). The Γ-Casimir element of ψ and φ is the
element cΓ(ψ, φ) ∈ R given by the image under ρΓ,ψ,φ of the identity morphism;
cΓ(ψ, φ) := ρΓ,ψ,φ(1).
The element cΓ(ψ, φ) turns out to be very useful in many contexts and it is key in
the proofs of our results. The Γ-Casimir element can be explicitly calculated as follows:
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Let {v1, . . . , vn} be an F -basis of V , {f1, . . . , fn} its dual basis, and v∗i ∈ V the elements
such that Γ(v∗i ) = fi. Then
cΓ(ψ, φ) =
n∑
i=1
ψ(v∗i )φ(vi).
The above follows from the fact that
∑
i fi⊗vi maps to 1 ∈ EndF (V ) under the canonical
identification V ∗ ⊗F V ∼= EndF (V ). In particular, the above representation of cΓ(ψ, φ)
is independent of the choice of basis {v1, . . . , vn} .
Definition 2.2. Let F be a field, V be a finite dimension F -space, Γ : V → V ∗ be an
isomorphism and R be an F -algebra. The Casimir pairing associated to Γ is the map
〈·, ·〉Γ : HomF (V,R)×HomF (V,R)→ R, (ψ, φ) 7→ cΓ(ψ, φ).
Remark 2.3. If D ⊆ R is a commutative F -algebra then it is not hard to see that the
map 〈·, ·〉Γ is D-bilinear.
Example 2.4. Suppose that V = Fn, that R = F and that Γ is the isomorphism that
takes the standard basis in Fn into its dual basis. If we identify HomF (F
n, F ) with Fn
via Γ then 〈·, ·〉Γ is the usual dot product in Fn.
Whenever the isomorphism Γ is induced by a nondegenerate bilinear form B we
denote by 〈·, ·〉B the Casimir pairing associated to Γ.
Example 2.5. Let g be an n-dimensional Lie algebra over a field F with char(F ) = 0.
By Cartan’s criterion the Killing form B on g is nondegenerate if and only if g is
semisimple. In that case, if we take V = g, R = U(g) its universal enveloping algebra
and ι : g →֒ U(g) the canonical inclusion, then
C := 〈ι, ι〉B ∈ U(g)
is the well known quadratic Casimir element or Casimir invariant of g. The Casimir ele-
ment plays a central role in the algebraic proof of Weyl’s theorem on complete reducibil-
ity of finite dimensional representations of finite dimensional semisimple Lie algebras
(see [22, Section 10.3]).
If K/F is a finite separable field extension the trace pairing
trK/F : K ×K → F ; (x, y) 7→ TrK/F (xy)
is a nondegenerate bilinear form. For any F -algebra R we denote by 〈·, ·〉trK/F the
Casimir pairing on HomF (K,R) associated to the trace pairing trK/F .
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Lemma 2.6. Let K/F be a finite separable field extension of degree n. Suppose that
Ω/K is a field extension that contains a Galois closure of K/F . Let {σ1, . . . , σn} be
the set of F -embeddings of K into Ω. Then {σ1, . . . , σn} is an orthonormal Ω-basis of
HomF (K,Ω) with respect to the bilinear form 〈·, ·〉trK/F .
Proof. Let {αi} be a F -basis of K, and let A := (σj(αi)) and A′ := (σj(α∗i )). Then
A(A′)t = (
∑
k
σk(αi)σk(α
∗
j )) = (trK/F (αiα
∗
j )) = I,
hence (δij) = I = (A
′)tA = (
∑
k σi(α
∗
k)σj(αk)) =
Ä
〈σi, σj〉trK/F
ä
. As HomF (K,Ω) has
dimension n over Ω this proves that the embeddings form an orthonormal basis of this
vector space.
It follows from the above that any F -linear map from K to Ω can be written in
terms of Casimir elements:
Corollary 2.7. Let K,F,Ω and {σ1, . . . , σn} be as above. Then, for all φ ∈ HomF (K,Ω)
φ =
n∑
i=1
〈φ, σi〉trK/F σi.
We gather some of the properties of the Casimir pairing, which follow immediately
from its definition, as
Proposition 2.8. Let F ,V and R be as above and suppose B is a nondegenerate bilinear
form on V . Then,
(i) If R is commutative and B is symmetric, then 〈·, ·〉B is symmetric.
(ii) If θ : R→ R′ is a homomorphism of F -algebras then
θ (〈ψ, φ〉B) = 〈θ ◦ ψ, θ ◦ φ〉B
(iii) If F ⊂ F ′ is a field extension, then
〈ψ ⊗ 1, φ⊗ 1〉B⊗F ′ = 〈ψ, φ〉B ⊗ 1 ∈ R⊗ F ′
(iv) Let (V,BV ) and (W,BW ) be nondegenerate quadratic F -spaces. An F -linear map
φ : V →W is an isometry if and only if the induced natural map
Φ : HomF (W,R)→ HomF (V,R), τ 7→ τ ◦ φ
is an isomorphism of R-modules which respects the Casimir parings 〈·, ·〉BV and
〈·, ·〉BW .
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Proof. The only nontrivial part is (iv). First suppose φ : V → W is an isometry. Take
{vi} any basis of V with dual basis {v∗i }; as φ is an isometry, it follows that {φ(v∗i )} is
the dual basis of {φ(vi)} in (W,BW ). Since φ is an isomorphism, Φ is also one and
〈Φ(τ1),Φ(τ2)〉BV = 〈τ1 ◦ φ, τ2 ◦ φ〉BV
=
∑
i
τ1(φ(v
∗
i ))τ2(φ(vi))
= 〈τ1, τ2〉BW
for all τ1, τ2 ∈ HomF (W,R).
Conversely, suppose Φ is an isomorphism which preserves the Casimir pairings. First
we prove that φ must be bijective. Indeed, we have a commutative diagram
HomF (W,R) HomF (V,R)
W ∗ ⊗R V ∗ ⊗R
Φ
φ∗ ⊗ 1
(where the vertical maps are canonical isomorphisms) so φ∗ ⊗ 1 is bijective, but R is
faithfully flat as an F -module (being free), thus φ∗ is bijective and it is well known that
the dual map φ∗ is bijective if and only φ is.
Now let {ei} be an orthogonal basis of V with ai := BV (ei, ei) so that e∗i = ei/ai,
let wi := φ(ei) and let τi ∈ HomF (W,R) be defined by τi(wj) = δij . Then, for every
τ ∈ HomF (W,R)
〈τ ◦ φ, τi ◦ φ〉BV =
∑
k
τ(φ(e∗k))τi(φ(ek)) = τ(wi/ai),
〈τ, τi〉BW =
∑
k
τ(w∗k)τi(wk) = τ(w
∗
i ).
Since Φ preserves the Casimir pairings, it follows that τ(wi/ai) = τ(w
∗
i ) for all τ ∈
HomF (V,R), therefore w
∗
i = wi/ai; i.e., BW (wi, wj) = aiδij = BV (ei, ej) which proves
that φ is an isometry.
Corollary 2.9. Let F be a field and let K/F and L/F be separable field extensions of
the same degree n. Suppose that Ω/F is field extension containing a Galois closure of
KL/F . Let φ : K → L be an F -linear map. Then the following are equivalent
(i) The map φ is an isometry between (K, trK/F ) and (L, trL/F ).
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(ii) The map Φ, composition by φ, is an isometry between the spaces HomF (L,Ω) and
HomF (K,Ω) endowed with their Casimir pairings 〈·, ·〉trL/F and 〈·, ·〉trK/F
(iii) The matrix U = (cij) is orthogonal, where cij := 〈σi, τjφ〉trK/F , and {σi}, {τi} are
the sets of F -embeddings of K and L into Ω.
Proof. The equivalence of (i) and (ii) is Proposition 2.8(iv), and the equivalence of (ii)
and (iii) follows from the fact that {σi} and {τi} are orthonormal bases by Lemma
2.6.
3 Linear disjointness
When studying separable extensions that are trace isometric we discovered that linear
disjointness makes matters simpler; more specifically in this case the entries of the
matrix of Corollary 2.9(iii) are all in the conjugacy orbit of a single Casimir value.
Also, when dealing with Sn number fields linear disjointness is equivalent to not being
conjugate. In this section we explain all this in detail.
Corollary 3.1. Let F,K,L and Ω be as in Corollary 2.9. Let E = KL, and let us
denote by ιK and ιL the inclusions from K (resp L) into E. Suppose that
φ : (K, trK/F )
∼−→ (L, trL/F )
is an isometry and let c ∈ E be the Casimir element c := 〈ιK , ιLφ〉trK/F . If K and L
are linearly disjoint over F , then there is an indexing
HomF−alg(E,Ω) = {θi,j; 1 ≤ i, j ≤ n}
of the set of F - embeddings of E into Ω such that the matrix U := θi,j(c) is orthogonal.
Proof. Since K and L are F -linearly disjoint the restriction map
HomF−alg(E,Ω)→ HomF−alg(K,Ω) ×HomF−alg(L,Ω); θ 7→ (θ ◦ ιK , θ ◦ ιL)
is a bijection. The result follows from this together with Proposition 2.8(ii) and
Corollary 2.9 (iii).
3.0.1 Linear disjointness and an isomorphism criterion for number fields
When looking for arithmetic invariants of number fields it is always important to have
in hand a criterion to decide whether or not two fields are conjugate. As it turns out,
for Sn number fields one such a criterion is that the fields are linearly disjoint. Here we
prove something a little bit more general.
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Proposition 3.2. Let K,L be number fields of the same degree n such that Gal(K˜/Q) ∼=
Sn (K˜ the Galois closure of K) and L/Q has no intermediate extensions. Then, K 6∼= L
if and only if K/Q and L/Q are linearly disjoint.
Proof. “if” : Suppose K and L are linearly disjoint, then K 6∼= L. Otherwise,
K ∼= L ∼= Q[X]/(p(X))
for some p(X) ∈ Q[X] and tensoring with L we get K ⊗Q L ∼= L[X]/(p(X)) which is
not a field, as p(X) has a root in L.
“Only if” : SupposeK 6∼= L. To prove that K and L are linearly disjoint it is enough
to show that so are K˜ and L. Since L/Q has no intermediate extensions and K˜/Q is
Galois, then L/Q and K˜/Q are linearly disjoint if and only if L ∩ K˜ = Q, i.e., if and
only if L 6⊂ K˜.
Now, if n 6= 6, then every subgroup of Sn of index n is conjugate to H := {σ ∈ Sn :
σ(1) = 1} (see [40, Lemma 7.8.5]). Therefore, in that case L 6⊂ K˜, otherwise, the sub-
groups HL := Gal(K˜/L) and HK := Gal(K˜/K) of index n in Gal(K˜/Q) ∼= Sn would
be conjugate, contrary to our assumption.
If n = 6 it turns out, see [40, Lemma 7.8.6], that for the only two conjugacy classes ∆1
and ∆2 of index 6 in S6, each pair of representatives H1 ∈ ∆1 and H2 ∈ ∆2 satisfy
36 = [S6 : H1 ∩H2] = [S6 : H1][S6 : H2] = 6 · 6.
If K and L are not linearly disjoint then, arguing as above, L ⊂ K˜ and since K and
L are not isomorphic the groups HL and HK belong to the two different conjugacy
classes of index 6 in Gal(K˜/Q) ∼= S6. By the group theoretic fact above we conclude
that [KL : Q] = [L : Q][K : Q] which contradicts that assumption that K and L are
not linearly disjoint.
Corollary 3.3. Let K,L be degree n, Sn number fields. Then, K 6∼= L if and only if
K/Q and L/Q are linearly disjoint
Proof. Since one point stabilizers are maximal subgroups of Sn, see [18, I, Corollary
1.5A], it follows from Galois correspondence that K/Q and L/Q have no intermediate
extensions. The result follows from Proposition 3.2.
4 Casimir elements associated to the trace pairing over
number fields
In this section we focus our attention on questions about the integrality of Casimir
values associated to the trace pairing. The strategy here is a game of local vs global,
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where we use in our favor that we know well the local behavior of the integral trace for
tame extensions (see [30].)
Notation and local decomposition of the trace. We begin by fixing notation and
recalling some facts about the trace and its local decomposition:
(a) Given a number field F and a non-trivial prime P in O, the maximal order of F ,
we denote by vP the valuation on F induced by the ring OP.
(b Let p be a rational prime and fix an algebraic closure Qp
al
of Qp. The absolute
value | |p extends uniquely to an absolute value on all of Qpal which we will still
denote by | |p.
(c) Let K be a number field and let {pi} be the primes in K lying over p. For each i,
there is a completion Ki inside Qp
al
(unique up to conjugation) of K with respect
to the absolute value | |pi in K, corresponding to pi, extending | |p in Q. Once we
fix Ki, we get a canonical inclusion K →֒ Ki, which we denote a 7→ ai, such that
|a|pi = |ai|p for all a ∈ K.
(d) Let (K)p := K ⊗QQp and let (OK)p := OK ⊗Z Zp. The canonical isomorphism of
Qp-algebras
(K)p →
∏
i
Ki
a⊗ b 7→ (a1b, . . . , aib, . . .)
where b 7→ b is the inclusion Qp →֒ Ki, gives an orthogonal decomposition of the
Qp-quadratic space
((K)p, tr(K)p/Qp)
∼=⊥
i
(Ki, trKi/Qp).
Moreover such a decomposition is also valid, see [26] for details, at the integral
level. i.e., under the above map we have that
((OK)p, tr(K)p/Qp)
∼=⊥
i
(OKi , trKi/Qp).
(e) Using the isometry above as an identification we denote by πKi : (K)p → Ki
the natural projection and by µKi : Ki → (K)p the natural inclusion of quadratic
spaces. Notice that πKi ((OK)p) = OKi and that (OK)p is the Zp-module generated
by the µKi (OKi)’s.
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4.0.1 p-integrality of Casimir elements.
Suppose that c is a Casimir element associated to a given isometry between integral
traces of two number fields. In what follows we study different divisibility conditions
on the common discriminant to ensure that c is p-integral for a given prime p.
Proposition 4.1. Let K,L be number fields, and let φ : (K, trK/Q)
∼−→ (L, trL/Q) be
an isometry such that φ(OK) = OL. Suppose that E = KL and that ιK and ιL are
inclusions from K (resp L) into E. Consider the Casimir element given by
c := 〈ιK , ιLφ〉trK/Q ∈ E.
Let p be a rational prime. If vp(disc(K)) ≤ 1 then c is p-integral; i.e., vP(c) ≥ 0 for
every prime P in E lying over p.
Proof. Let {pi}, {qj} and {Pr} be the sets of primes in K, L and E, respectively, lying
over p, with completions {Ki}, {Lj} and {Er}. By (2.8)(iii) we know that
c⊗ 1 = 〈ιK ⊗ 1, ιLφ⊗ 1〉tr(K)p/Qp ∈ (E)p.
Since for each r we have that vPr(c) ≥ 0 ⇐⇒ cr ∈ OEr , and since cr = πEr (c ⊗ 1)
the conclusion of the proposition is equivalent to that for all primes Pr in E lying over
p
πEr (c⊗ 1) ∈ OEr .
For each i, let us fix an integral basis Bi := {αi,s : 1 ≤ s ≤ ni := [Ki : Qp]} of Ki.
Then
B :=
⋃
i
µKi (Bi)
is a Zp-basis of (OK)p (and thus a Qp-basis of (K)p). Moreover, since the decomposition
of (K)p is orthogonal, if we take the dual basis B∗i of Bi in the space (Ki, trKi/Qp), then
B∗ =
⋃
i
µKi (B∗i )
is the corresponding dual basis of B in the space ((K)p, tr(K)p/Qp). Therefore setting
βi,s := (φ⊗ 1)
Ä
µKi (αi,s)
ä
∈ (L)p
we have that
c⊗ 1 =
∑
i,s
(ιK ⊗ 1)
Ä
µKi (α
∗
i,s)
ä
(ιL ⊗ 1)(βi,s).
Notice that since µKi (αi,s) ∈ (OK)p, we have βi,s ∈ (OL)p.
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Fix an index r corresponding to the prime Pr in E and define ir and jr by the
relations pir = Pr ∩K and qjr = Pr ∩ L. Since the diagram
(K)p (E)p
Kir Er
ιK ⊗ 1
piKir pi
E
r
is commutative (similarly for L) then
cr = π
E
r (c⊗ 1)
= πEr
Ñ∑
i,s
(ιK ⊗ 1)
Ä
µKi (α
∗
i,s)
ä
(ιL ⊗ 1)(βi,s)
é
=
∑
i,s
πEr
Ä
(ιK ⊗ 1)
Ä
µKi (α
∗
i,s)
ää
πEr ((ιL ⊗ 1)(βi,s))
=
∑
i,s
πKir (µ
K
i (α
∗
i,s))π
L
jr(βi,s)
=
nir∑
s=1
α∗ir ,s π
L
jr(βir ,s)
Hence, it suffices to show that α∗ir ,s π
L
jr(βir ,s) is in OEr for all 1 ≤ s ≤ nir .
Claim: We may assume that α∗ir ,s is not integral, and moreover that the extension
Kir/Qp is ramified.
Proof of claim. Suppose that α∗ir ,s ∈ OKri . Here the result follows immediately since
α∗ir ,s π
L
jr(βir ,s) ∈ OKirOLjr ⊆ OEr .
If the extension Kir/Qp is unramified then disc(Kir) is a unit in Zp and the codifferent
ideal D−1Kir is just OKir , hence α
∗
ir ,s ∈ D−1Kir = OKir for all 1 ≤ s ≤ nir .
It remains to verify the ramified case Kir/Qp. Notice that in this case disc(K) is
equal to p modulo units. By the local decomposition of the trace we have that for each
x ∈ Lp that
trLp/Qp(x) =
∑
j
trLj/Qp(π
L
j (x)).
Hence, if for θ ∈ Lj we denote by θ = θ(1), . . . , θ(mj) the mj := [Lj : Qp] conjugates of
θ over Qp, then
trLp/Qp(x) =
∑
j
mj∑
t=1
πLj (x)
(t). (1)
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Consider the square matrix B := (πLj (βi,s)
(t)) whose rows and columns are indexed
by (i, s) with 1 ≤ s ≤ ni and (j, t) with 1 ≤ t ≤ mj, respectively, in lexicographic order.
Taking x = βi,sβi′,s′ in (1) we find that
BBt =:M
is the Gram matrix of trLp/Qp in the basis
⋃
i
{βi,s : 1 ≤ s ≤ ni} of Lp. Since φ is an
isometry, M is the Gram matrix of tr(K)p/Qp in the basis B of (K)p; i.e., M is a block
diagonal matrix, each block corresponding to the Gram matrix of trKi/Qp in the basis
Bi. Let A be the adjoint of Bt, then
det(B)B =MA.
In particular,
πLjr(βir ,s) =
1
det(B)
((ir, s)-th row of M)× ((jr, 1)-th column of A)
=
nir∑
s1=1
trKr/Qp(αir ,sαir ,s1)A(ir ,s1)(jr ,1)
det(B)
(2)
Note that the matrix A, being the adjoint of Bt, has integral entries. It follows from
the claim above and from the previous equation that, to show that α∗ir ,s π
L
jr(βir ,s) is
integral, it is enough to show that
α∗ir ,strKr/Qp(αir ,sαir ,s1)
det(B)
is integral for all 1 ≤ s, s1 ≤ nr such that α∗ir ,s is not integral. Since disc(K) = det(M) =
det(B)2 (up to elements in Z×2p ) the integrality of the above is equivalent toÄ
α∗ir ,strKr/Qp(αir ,sαir ,s1)
ä2 ∈ disc(K)OKir = pOKir . (3)
Since
∑
i
(e(pi|p)−1)f(pi|p) ≤ vp(disc(K)) = 1, where the first inequality is given by [41,
III §6 Prop.13], we have that exactly one ramification index can be different from 1, and
this index must be equal to 2. Since we are assuming that Kir is ramified, e(pir |p) = 2.
Thus Kir/Qp is a quadratic ramified extension and, given that p 6= 2 thanks to Stick-
elberger’s criterion, we have that Kir ∈ {Qp(
√
p),Qp(
√
up)} where u ∈ {1, ..., p − 1} is
a quadratic non-residue modulo p. Thus an integral basis for OKir is given by {1, π}
where π =
√
ǫp where ǫ is some unit in Zp.
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Let αir ,1 := 1, αir ,2 := π. The dual basis in (Kir , trKir/Qp) is given by α
∗
ir ,1 = 1/2 and
α∗ir ,2 = 1/2π. Since α
∗
ir ,1 = 1/2 is integral we are only left to check the values
Ä
α∗ir ,2trKr/Qp(αir ,2αir,s1)
ä2
=
Å
1
2π
trKr/Qp(παir ,s1)
ã2
=
{
0 if s1 = 1.
pǫ otherwise.
Remark 4.2. Suppose p = 2. If field K satisfies that at most one of the extensions
Ki/Q2 is ramified, and for this extension [Ki : Q2] = 2 (this is true for example for
fields with fundamental discriminant, see [45, Theorem 2]), then an argument similar
to the above shows that 2c is 2-integral.
The radical of a non zero integer m, i.e., the product of all prime divisors of m, is
denoted by rad(m).
Theorem 4.3. Let K,L,E and c be as in Proposition 4.1. Write dK = disc(K) = dsdf
where df is the product of the primes dividing the discriminant exactly once. Then,
dsc
is an algebraic integer. More generally, if K does not have wild ramification then
rad(ds)c
is an algebraic integer. In particular, if K has squarefree discriminant then c is an
algebraic integer.
Proof. Let {α1, . . . , αn} be an integral basis of K. Recall that
c =
n∑
i=1
α∗iφ(αi).
Since each α∗i belongs to the codifferent ideal D−1K and [D−1K : OK ] = dK , we have
dKc ∈ OE .
Let P be a prime in E, let pZ = P∩Q and p = P∩K. If p | df then, by Proposition
4.1,
vP(dsc) = vP(c) ≥ 0.
Otherwise, if p ∤ df then
vP(dsc) = vP(dKc) ≥ 0.
Since P is an arbitrary prime, dsc ∈ OE .
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To prove the last part suppose that K is tame at p. Then
vp(pD−1K ) = e(p|p) − (e(p|p) − 1) = 1 ≥ 0.
It follows that vP(pc) ≥ 0 whenever p | ds and therefore vP(rad(ds)c) ≥ 0 for all P.
Remark 4.4. The conclusions of the above theorem remain true if we replace c with
〈σ, τφ〉trK/Q
where σ : K →֒ C, τ : L →֒ C are arbitrary embeddings. To see this, apply the
theorem to φ′ := τφσ−1 : K ′ → L′ where K ′ = σ(K) and L′ := τ(L). Notice that
disc(K ′) = disc(K) and if {αi} is a basis of K then
〈σ, τφ〉trK/Q =
∑
i
σ(α∗i )(τφ)(αi)
=
∑
i
β∗i φ
′(βi)
= 〈ιK ′ , ιL′φ′〉trK′/Q
where the βi := σ(αi) form a basis of K
′ with dual basis β∗i = σ(α
∗
i ).
Corollary 4.5. Let K,L,E and c be as in Proposition 4.1, and assume that K has
no wild ramification. Suppose that the only roots of unity in E are ±1 and that for all
complex embeddings σ : E → C we have that
|σ(c)| ≤ 1
rad(ds)
.
Then,
c ∈
®
0,± 1
rad(ds)
´
.
In particular, for totally real K we have that c is a rational number.
Proof. Thanks to Theorem 4.3 we have that rad(ds)c ∈ E is an algebraic integer. Since
all its conjugates have complex norm at most 1 it must be a root of unity or zero. By
the hypothesis on E we see that rad(ds)c is either zero or ±1.
Definition 4.6. Let K,L be number fields. Given φ : K → L a Q-linear map we denote
by cφ the Casimir element given by
cφ := 〈ιK , ιLφ〉trK/Q
and we define Mφ to be the least positive integer m such that mcφ is an algebraic integer.
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Lemma 4.7. Let K be a number field. Write dK = disc(K) = dsdf as in Theorem 4.3.
If L is a number field and φ : (OK , trK/Q)
∼−→ (OL, trL/Q) an isometry. Then,
Mφ ≤ ds.
More generally, if K is either tame or disc(K) is fundamental then
Mφ ≤ rad(ds).
Proof. This is just a reformulation of Theorem 4.3, together with Remark 4.2 in the
case disc(K) is even and fundamental.
Proposition 4.8. Let K be a totally real number field of degree n, and let L be a
number field. Suppose that there is an isometry φ
φ : (OK , trK/Q)
∼−→ (OL, trL/Q).
If the Casimir element cφ is not equal to 0 then»
[KL : K] ≤Mφ.
Moreover, in such a case, the equality holds if and only if Mφcφ = ±1.
Proof. Since the isometry class of the integral trace determines the discriminant, the
signature, and the degree of a field we have that L is totally real with the same discrim-
inant and degree as K. Let m be a positive integer such that α = mcφ is an algebraic
integer. Let U = (cij) where cij := 〈σi, τjφ〉trK/F , and {σi}, {τi} are the sets of complex
embeddings of K and L. Notice that, because KL is totally real, the matrix U has real
entries. Let N = mU . By Corollary 2.9 (iii), NN t = m2I and taking traces on both
sides we obtain ∑
i,j
(mcij)
2 = tr(NN t) = m2n
Now for each embedding θ : KL →֒ C, θ(cφ) = 〈σi, τjφ〉trK/F = cij , where σi = θ◦ιK and
τj = θ ◦ ιL. Thus, trKL/Q(α2) ≤ m2n. As α is integral, if α 6= 0, then NKL/Q(α2) ≥ 1.
Therefore by the AM-GM inequality, we have that
[KL : Q] ≤ trKL/Q(α2) ≤ m2n,
hence
»
[KL : L] ≤ m and the equality holds if and only if α2 = 1.
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5 Main applications
Two useful and closely related quadratic invariants have been derived from the integral
trace form. They are the trace-zero form and the shape of a number field (an invariant
with a more geometric flavor). To define them, let K be a number field. The trace-zero
module of K, denoted O0K is
{x ∈ OK : trK/Q(x) = 0}.
This module and the quadratic form obtained by restricting the trace pairing to it (the
trace-zero form) played a role in the study of the trace form for cubic fields in [27], and
in the work of Ellenberg-Venkatesh on asymptotics of number fields [20]. We will use
it here to cover a crucial case of our main theorem.
The shape of K, denoted Sh(K), is the class of the lattice obtained by mapping
O⊥K = {x ∈ Z+ [K : Q]OK : trK/Q(x) = 0}
under the Minkowski embedding up to rotation, reflections and multiplication by scalars.
When K is totally real, we can equivalently describe Sh(K) as the isometry class of the
quadratic module obtained by restricting the trace paring to O⊥K up to multiplication
by R×. This invariant, introduced for cubic fields in [44], has been recently studied for
several different purposes (see [9, 38, 34]).
The following proposition shows that for totally fields number fields the integral trace
form is the strongest of these three invariants.
Lemma 5.1. Let K,L be two totally real number fields and suppose φ : (OK , trK/Q)
∼−→
(OL, trL/Q) is an isometry. Then, φ(1) = ±1. In particular, the restriction of φ induces
an isometry between the integral trace zero parts of K and L, and also between the shapes
of K and L.
Proof. Because the fields have isometric integral trace forms, they must have the same
degree, say n. Now let α := φ(1) 6= 0. By hypothesis α2 is a totally positive algebraic
integer such that trL/Q(α
2) = trL/Q(φ(1)
2) = trK/Q(1
2) = n. Hence, from the AM-GM
inequality applied to the n conjugates of α2 ∈ L over Q, we find that the equality in
1 ≤ NL/Q(α2)
1
n ≤ trL/Q(α
2)
n
= 1
implies α2 ∈ Q and thus α2 = 1. To prove the last claim, note that the isometry φ maps
the elements in OK orthogonal to 1 precisely to the elements in φ(OK) = OL orthogonal
to φ(1) = ±1, i.e., φ(O0K) = O0L. Similarly, as φ(Z+ nOK) = φ(1)Z+ nOL = Z+ nOL,
we have φ(O⊥K) = O
⊥
L .
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We are now ready to prove the main result of the paper:
Theorem 5.2. Let K be a degree n totally real Sn number field with discriminant dK .
Let ds, df be co-prime positive integers such that dK = dsdf and that df is square free.
Suppose that
n ≥ d2s.
If L is a Sn number field then
(OK , trK/Q) ∼= (OL, trL/Q) if and only if K ∼= L.
Furthermore, if either K does not have wild ramification, or dK is fundamental, then
the condition n ≥ d2s can be improved to
n ≥ rad(ds)2
to obtain the same conclusion.
Proof. This is trivial in degrees n = 1, 2, so let us suppose n ≥ 3. We show the
non-trivial implication. Since K and L have isometric integral traces, they share the
same degree, signature and discriminant. If K and L are not isomorphic it follows
from Corollary 3.3 that they are linearly disjoint. Hence, by Corollary 3.1, there is an
orthogonal matrix U whose entries consist of the values θ(cφ) where θ runs over the
set HomQ−alg(E,C). In particular cφ 6∈ Q, otherwise, θ(cφ) = cφ for all θ which is a
contradiction since the matrix U is invertible. Since cφ is not rational it follows from
Proposition 4.8 and from Lemma 4.7 that
√
n < Mφ ≤ ds.
The improvement on the upper bound of the above is obtained thanks to the second
part of Lemma 4.7.
The above together with some previous results on integral traces imply that the
integral trace is a complete invariant for real fields of fundamental discriminant.
Theorem 5.3. Let K,L be number fields. Suppose that K is totally real of degree n
and with fundamental discriminant. Then,
(OK , trK/Q) ∼= (OL, trL/Q)
if and only if K ∼= L.
Proof. This is trivial in degrees n = 1, 2, so let us suppose that n ≥ 3. In [45] Takeshi
Kondo proved that fields with fundamental discriminant of degree n are Sn-fields.
Hence, thanks to Theorem 5.2, the result follows for n ≥ 4. Using Lemma 5.1 we
see that case n = 3 follows from [27, Theorem 6.5].
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Using the techniques developed during the proofs of the above results we obtained:
Theorem 5.4. Let K be a totally real number field with square free discriminant. Then,
Aut
Ä
(OK , trK/Q)
ä ∼= {Z/2Z × Z/2Z if [K : Q] = 2,
Z/2Z otherwise.
Proof. Let n = [K : Q] and suppose φ is an automorphism of the quadratic module
(OK , trK/Q). From Corollary 2.9(iii) we know that U = (cij) is an orthogonal matrix,
where cij := 〈σi, σjφ〉trK/Q and {σ1, . . . , σn} is the set of embeddings of K. Moreover,
because K is totally real, U ∈ Mn(R) and thus |cij | ≤ 1 for every 1 ≤ i, j ≤ n. On
the other hand, thanks to Proposition 2.8(ii) we have a natural action of the group
G := Gal(K˜/Q) on the entries of U . More specifically, if σ ∈ G then σ(cij) = ci′j′
where σσi = σi′ and σσj = σj′ . In particular, every conjugate of an entry of U is again
an entry of U and thus has absolute value bounded by 1; i.e., |σ(cij)| ≤ 1 for every
σ ∈ G and 1 ≤ i, j ≤ n.
Given that K has square free discriminant, each cij must be an algebraic integer by
Remark 4.4. From the above paragraph we deduce that each cij is either 0 or a real
root of unity, or equivalently cij ∈ {0,±1}. Furthermore, U being orthogonal implies
that there is only one cij equal to ±1 in each row and in each column of U . If j is the
index such that 〈ιK , σjφ〉trK/Q 6= 0, then by Corollary 2.7 we have
ιKφ = ±σj,
thus ∓φ ∈ Aut(K). Conversely, every element of ±Aut(K) is clearly an isometry.
Hence we have proved that
Aut
Ä
(OK , trK/Q)
ä
= ±Aut(K).
Since K is a Sn-field, its group of multiplicative automorphisms Aut(K) is trivial if
n > 2 and Gal(K/Q) ∼= Z/2Z if n = 2.
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